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Spin-polarized transport through a double quantum dot system attached to a common supercon-
ducting lead and two ferromagnetic electrodes (fork geometry) is investigated theoretically. The
key objective of the analysis is to describe the influence of electrodes’ ferromagnetism on the An-
dreev tunneling. Both direct and crossed Andreev tunneling processes are considered, in general.
The other objective is a detailed analysis of the role of Coulomb interaction and its impact on the
Andreev tunneling processes.
PACS numbers: 73.63.Kv, 74.45.+c, 73.23.-b, 85.35.Be
I. INTRODUCTION
Due to the presence of a superconducting gap ∆ in
the density of states of a superconductor, single electron
tunneling processes to the superconductor are blocked for
bias voltages smaller than the energy gap. However, the
electrons can tunnel from the normal metal (or ferromag-
netic metal) into the superconductor via Andreev-like
processes.1,2. Originally Andreev reflection was discov-
ered in junctions of normal metals and superconductors.
An electron with energy ǫ < ∆ incident on the interface
of the junction from the normal metal can not propagate
into the superconductor as there are no available quasi-
particle states within the energy gap. Thus, the elec-
tron must be reflected at the interface. Such a process is
known as the normal reflection. However, the reflection
can also occur in a different way. At the interface, the
incident electron can form a Cooper pair with another
electron of opposite spin and wavevector, which propa-
gates into the superconductor, while a hole is reflected
back to the normal metal. This reflection is known as
the Andreev reflection (AR).
Analogous processes can occur in a quantum dot cou-
pled to normal and superconducting leads (N-QS-S).3–5
Here, an electron with energy ǫ tunnels from the normal
metal lead through discrete dot’s levels. However, it can
not tunnel alone into the superconductor when its energy
is smaller than the energy gap, |ǫ| < ∆. Such an elec-
tron, however, can pick up another electron with energy
−ǫ and opposite spin to create a Cooper pair which is
able to propagate into the superconductor. During this
process, a hole with energy −ǫ and spin opposite to that
of the incident electron is reflected back into the normal-
metal lead.
There exists a vast literature on the Andreev tunneling
in various quantum dot systems attached to one normal
and one superconducting leads.6–15 However, Andreev
transport through ferromagnet-QD-superconductor (F-
QD-S) structures is rather in an early stage of inves-
tigations16–19. From theoretical side, mostly equilib-
rium regime was considered and the on-site Coulomb
correlations were neglected. From experimental side, in
turn, fabricating such a system in reality and perform-
ing proper measurements is a real challenge, and to our
knowledge, there exist up to now only one experimental
work dealing with a quantum dot coupled to ferromag-
netic and superconducting leads.20
Attaching an additional normal-metal electrode to the
N-QD-S system can lead to a new kind of Andreev tun-
neling processes. These processes are analogous to the
crossed Andreev reflections (CAR) described theoreti-
cally21,22 and observed experimentally in hybrid struc-
tures consisting of two normal-metal (or ferromagnetic)
leads connected via point contacts to a common super-
conducting electrode.23,24 In contrast to the direct AR,
where the hole is reflected back to the electrode from
which the incoming electron arrives, in the CAR pro-
cesses the hole is reflected into the second, spatially sep-
arated electrode. However, the distance between the
two contacts should be smaller than the size of Cooper
pairs formed in the superconducting lead (more precisely,
smaller than the corresponding coherence length).
A single quantum dot coupled to two normal and one
superconducting leads gives the possibility of investigat-
ing not only the crossed Andreev reflection,25–29 but also
a Cooper pair splitting (which can be understood as the
effect inverse to CAR). However, more efficient Cooper
pair splitting can be achieved in a system based on two
quantum dots.30,31 The advantage of double quantum dot
(DQD) systems follows from the possibility of indepen-
dent tuning of the dots’ levels. Such a dot’s level tun-
ing is important as finite-bias experiments have shown
that Cooper pair splitting can be dominant in reso-
nance, whereas out of the resonance elastic cotunelling
processes dominate.32–34 It is also worth to note that
creation of nonlocal entangled electrons has been ear-
lier proposed and investigated theoretically in a similar
DQD and multi-dot systems.35–37 This entanglement can
be probed by measuring noise cross correlations.38,39
From the above follows that systems based on DQDs
have some advantages over those based on single dots.
Therefore, in this paper we study transport in the sys-
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FIG. 1: (color on-line) Schematic picture of direct (a-b) and
crossed (c-d) Andreev tunneling in a double quantum dot sys-
tem in the fork geometry. N1 and N2 are two normal-metal
leads (ferromagnetic in general) and S is a superconducting
lead.
tem based on a DQD connected to ferromagnetic and
superconducting leads. Generally, the influence of ferro-
magnetism on Andreev transport through DQD system
is only weakly explored.40,41 This also applies to the in-
fluence of Coulomb correlations in DQD structures on
Andreev tunneling41, which is rather unexplored even in
the case of nonmagnetic leads.14,42–44 We consider the
system in the fork geometry, as shown schematically in
Fig. 1, and analyze the Andreev tunneling processes. We
distinguish between processes in which only a single dot is
involved (direct Andreev tunneling (DAT) [Fig. 1 (a-b)]),
and Andreev tunneling events in which both dots par-
ticipate (called crossed Andreev tunneling (CAT) [Fig. 1
(c-d)]). There are also virtual process which do not lead
to creation (or annihilation) of Cooper pairs in the super-
conductor. The process, called elastic cotunneling, trans-
fer electron between two normal-metal leads via virtual
states in the superconductor. We are especially inter-
ested in two aspects of Andreev tunneling. The first one
is the question how spin polarization of electrons tak-
ing part in transport affects the Andreev tunneling. The
second aspect is the role of Coulomb interaction on the
dots.
In section 2 we present the theoretical background.
This includes description of the model and also descrip-
tion of the method used to calculate the current. Nu-
merical results are presented and discussed in section 3.
Final conclusions are in section 4.
II. THEORETICAL BACKGROUND
A. Model
We consider electron transport through the system
consisting of two quantum dots (QD1 and QD2) coupled
to a common superconducting electrode. Additionally,
each of the dots is attached to a separate ferromagnetic
lead, as shown schematically in Fig. 1. The ferromagnetic
leads are assumed to be in a collinear magnetic configu-
ration: either parallel or antiparallel. The DQD system
can be then modeled by the following Hamiltonian:
HDQD =
∑
iσ
εiσd
†
iσdiσ +
∑
i
Uiniσniσ¯, (1)
where εiσ and Ui denote the spin dependent dots’ energy
level and Coulomb integral for the dot i (i = 1, 2). The
leads’ Hamiltonian has the form: Hleads = HL+HR, with
HL describing ferromagnetic leads in the non-interacting
quasi-particle approximation, and HR denoting the BCS
Hamiltonian of the superconducting lead. In the mean
field approximation HR takes the form:
HR =
∑
k
∑
σ
εkRσc
†
kRσckRσ
+
∑
k
(
∆∗ckR↓c−kR↑ +∆c
†
−kR↑c
†
kR↓
)
, (2)
with εkRσ denoting the relevant single-particle energy
and ∆ = |∆|eiΦ standing for the order parameter of the
superconductor. Here, |∆| denotes the superconducting
gap, whereas Φ is the relevant phase. In the problem
considered here there is only one superconducting lead,
so the phase factor is irrelevant. Thus, we will omit this
factor in further consideration, and , and assume ∆ is
real and positive.
Finally, spin conserving electron tunneling between the
leads and the dots is described by the Hamiltonian,
HT =
∑
kj
∑
iσ
V Ljikσc
†
kjσdiσ +
∑
k
∑
iσ
V Rikσc
†
kRσdiσ +H.c..
(3)
The first term describes coupling of the dots to the (left)
ferromagnetic leads, with V Ljikσ being the matrix elements
of tunneling between the ith (i = 1, 2) dot and the jth
(j = 1, 2) ferromagnetic lead. In turn, the second term
presents coupling to the supperconducting (right) lead
with V Rikσ denoting the relevant tunneling matrix ele-
ments.
Coupling of the ith dot to the jth ferromagnetic lead
will be parameterized in terms of ΓσLji = 2π〈|V Lji |2〉ρσLj ,
where all the spin dependence is captured by the spin-
dependent density of states ρσLj in the jth lead, and
〈|V Lji |2〉 is the independent of spin average value of tun-
neling matrix elements. We write these parameters in the
form ΓσL11 = βΓL(1+ σ˜p), Γ
σ
L22 = ΓL(1± σ˜p), with σ˜ = 1
for σ =↑, and σ˜ = −1 for σ =↓, and the upper (lower)
sign in ΓσL22 corresponding to the parallel (antiparallel)
magnetic configuration. We assume that magnetic mo-
ment of the left lead corresponding to j = 2 is reversed in
the antiparallel configuration. Here, p is the spin polar-
ization of the density of states at the Fermi level in the
ferromagnetic leads, and β describes asymmetry in the
coupling of the two dots to the two ferromagnetic leads.
We also assume there is no coupling between the jth lead
3and ith dot for j 6= i, ΓσL12 = ΓσL21 = 0. Similarly, one can
parameterize the coupling of the superconducting lead
to the dots by the parameters ΓσRij = 2π〈|V Ri V Rj |〉ρR,
where ρR is the independent of spin density of states
(per spin) in the normal state of the right lead. We write
the coupling parameters as ΓσR11 = αΓR, Γ
σ
R22 = ΓR,
ΓσR12 = qsΓR
√
α. In a general case, α takes into account
difference in the coupling of the superconducting elec-
trode to the two dots, and qs describes strength of the
nondiagonal elements. Moreover, the DQD system can
be asymmetrically coupled to the left and right leads. To
take this into account we introduce the asymmetry pa-
rameter r defined as ΓR/2ΓL = r. Apart from this, we
define Γ as Γ = 2ΓL.
B. Current
The current flowing through the system can be ob-
tained in terms of the nonequilibrium Green’s function
formalism. In the expanded basis (Nambu representa-
tion45) this formula has the form46:
J =
ie
2~
∑
σ
Tr
∫
dε
2π
{
[ΓσL − ΓσR]G<σ (ε)
+ [fL(ε)Γ
σ
L − fR(ε)ΓσR][Grσ(ε)−Gaσ(ε)]} . (4)
Here, Gr,a,<σ (ε) are the Fourier transforms of the re-
tarded, advanced, and lesser Green’s functions in the ma-
trix form, while ΓσL and Γ
σ
R denote the coupling matrices
to the left and right leads, respectively. More specif-
ically, the coupling matrix to the left (ferromagnetic)
leads takes the form,
ΓσL = ΓL


β(1 + σ˜p) 0 0 0
0 β(1 − σ˜p) 0 0
0 0 1± σ˜p 0
0 0 0 1∓ σ˜p

 , (5)
where the upper and lower signs correspond to the par-
allel and antiparallel magnetic configurations of the left
ferromagnetic leads, respectively. The coupling matrix to
the right (superconducting) lead, in turn, can be written
in the form46
ΓσR
ρR
= ΓR


α −σ˜ ∆|ε|α qs
√
α −σ˜ ∆|ε|qs
√
α
−σ˜ ∆|ε|α α −σ˜ ∆|ε|qs
√
α qs
√
α
qs
√
α −σ˜ ∆|ε|qs
√
α 1 − ∆|ε|
−σ˜ ∆|ε|qs
√
α qs
√
α −σ˜ ∆|ε| 1

 ,
(6)
where ρR = ρR(ε) is a normalized BCS density of states,
defined as the ratio of the density of states in the super-
conducting phase and the density of states in the normal
state,
ρR(ε) =
|ε|θ(|ε| −∆)√
ε2 −∆2 . (7)
Note, ρR(ε) (and thus also Γ
σ
R) vanishes in the super-
conducting gap. Finally, fL(ǫ) in Eq.(4) is the matrix
of relevant Fermi-Dirac distribution functions for the left
leads,
fL(ǫ) =


f(ε− eV1) 0 0 0
0 f(ε+ eV1) 0 0
0 0 f(ε− eV2) 0
0 0 0 f(ε+ eV2)

 ,
(8)
where Vj (j = 1, 2) is the electrostatic potential ap-
plied to the j-th ferromagnetic electrode, and f(ε) is
the Fermi-Dirac distribution. In turn, the matrix fR(ε)
for the superconducting lead has the form fR(ε) =
f(ε) diag(1, 1, 1, 1).
To derive the lesser Green’s function we apply the
Keldysh relation,
G<σ (ε) = G
r
σ(ε)Σ
<
σG
aσ(ε), (9)
whereas the lesser self-energy can be obtained from the
following formula
Σ< = Σ<L +Σ
<
R = i[fL(ε)Γ
σ
L + fR(ε)Γ
σ
R], (10)
which is valid in the absence of interactions in the central
region of the device. This equation also holds for inter-
actions taken in the mean field approximations. Mak-
ing use of Eqs. (9) and (10) and taking into account
the identity, Grσ(ε) − Gaσ(ε) = −iGrσ(ε)ΓσGaσ(ε), with
Γσ = ΓσL+Γ
σ
R, the current expression (4) reduces to the
Landauer-like formula. When the bias voltage is applied
to the system with equal electrochemical potentials of
the ferromagnetic leads, µL1 = µL2 = eV , and the elec-
trochemical potential of the superconducting electrode is
equal to zero, µR = 0, the current acquires the following
form:
J = JS + JA, (11)
with JS and JA defined as follows:
JS =
e
h
∑
σ
∫
dε[fL(ε− eV )− fR(ε)]
×
∑
i=1,3
[Grσ(ε)Γ
σ
RG
a
σ(ε)Γ
σ
L]ii, (12)
JA =
e
h
∑
σ
∫
dε[fL(ε− eV )− fL(ε+ eV )]
×
j=2,4∑
i=1,3,
Grijσ(ε)[Γ
σ
LG
a
σ(ε)Γ
σ
L]ji. (13)
In the above equation, JA denotes the current due to An-
ndreev tunneling, whereas JS includes contributions from
the following processes: (i) usual tunneling of electrons
with energy |ε| > ∆, (ii) branch crossing processes in
which an electron from the normal lead is converted into
the hole like state in the superconducting lead, (iii) pro-
cesses in which electron (hole) tunnels from left lead into
the superconductor picking up the quasiparticle (quasi-
hole) and creating (annihilating) a Cooper pair. At T = 0
4K and |eV | < ∆, the term JS vanishes, JS = 0, and
the only contribution to current originates from the An-
dreev reflection. However, both components contribute
for |eV | > ∆. The tunneling processes giving rise to
JA and JS (except single-quasiparticle tunneling) occur
through virtual states of the dots.
The retarded Green’s function Grσ(ε) has been ob-
tained from Dyson equation
Grσ(ε) = [(g
r
σ(ε))
−1 +Σrσ]
−1, (14)
where grσ(ε) denotes the Fourier transform of the re-
tarded Green’s function of the two dots isolated from
the leads, and Σrσ = Σ
r
Lσ + Σ
r
Rσ is the retarded self-
energy due to interaction between the DQD system and
electrodes. The retarded Green’s function grσ has been
derived from the relevant equation of motion (see the
Appendix A). The retarded self-energy ΣrLσ, taken in
the wide band approximation, can be written in a simple
form as ΣrLσ = − i2ΓσL, with ΓσL denoting the coupling
matrix of the DQD system to the left (ferromagnetic)
leads (see Eq.(5)). On the other hand, the self-energy due
to coupling of the dots to the superconducting lead has
the following form: ΣrRσ = − i2 [ρ˜R(ε)/ρR(ε)]ΓσR, where
ΓσR is given by Eq.(6), while ρ˜R(ε) denotes a dimension-
less modified BCS density of states of the superconductor
of the following form:
ρ˜R(ε) =
|ε|θ(|ε| −∆)√
ε2 −∆2 − i
εθ(∆− |ε|)√
∆2 − ε2 . (15)
Note, that the real part of ρ˜R(ε) vanishes inside the su-
perconducting gap, while the imaginary part vanishes
outside the gap. It is also worth to mention that ΓσR
can be expressed as ΓσR = i(Σ
r
Rσ −ΣaRσ), where ΣaRσ =
[ΣrRσ]
†. .
III. NUMERICAL RESULTS
Numerical calculations have been performed for both
linear and nonlinear response regimes. To concentrate
only on the Andreev current, we assume T = 0 K and
|eVi| < ∆ (assuming the same electrostatic potentials
for both ferromagnetic leads, V1 = V2 = V ). All en-
ergy quantities have been expressed in the units of ∆.
Furthermore, we assume Γ = 0.1, U1 = U2 ≡ U , and
ε1 = ε2 ≡ ε0.
A. Nonmagnetic leads, p = 0
To clarify the influence of magnetic polarization of the
leads on Andreev transport through the system, we con-
sider first the case of nonmagnetic left electrodes, p = 0.
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FIG. 2: (color on-line) Transmission function at equilibrium,
calculated for indicated values of the asymmetry parameter r.
The other parameters are: p = 0, qs = 1, α = β = 1, ε0 = 0,
U = 0.
1. Vanishing Coulomb repulsion, U = 0
For the sake of simplicity, we start the description of
numerical results from the situation when the on-site
Coulomb interaction is absent, U = 0. This interaction
will be restored later. Figure 2 shows the equilibrium
transmission function T (ε) through the DQD system in
the fork geometry, calculated for indicated values of the
asymmetry parameter r and for qs = 1. The transmission
function is given by the formula,
T (ε) =
∑
σ
j=2,4∑
i=1,3,
Grijσ(ε)[Γ
σ
LG
a
σ(ε)Γ
σ
L]ji, (16)
see also Eq.(13). One can notice that for a symmetric
case, ΓL = ΓR (corresponding to r = 0.5), the two peaks
in the transmission are not fully resolved, whereas for
r > 0.5 the peaks are very well separated. This can be
explained when realizing that coupling to the supercon-
ducting lead gives rise to a renormalization of the dots’
energy levels. Due to the electron-hole symmetry, the
density of states of each dot reveals two peaks situated
at ±
√
ε20 + Γ
2
R (corresponding to two Andreev states).
In turn, coupling to the ferromagnetic electrodes gives
rise to a broadening of these resonances of the order of
ΓL. Thus, when increasing strength of the coupling to
the superconducting electrode, the two peaks move away
from each other. For ΓR < ΓL, the broadening of the two
resonances is relatively large and one observes only one
maximum, see the curve for r = 0.25 in Fig. 2. It is worth
noting that coupling to the superconductor does not con-
tribute to the broadening of Andreev states3, because the
corresponding coupling matrix vanishes, ΓσR = 0, and
only real part of the self-energy ΣRσ is nonzero for ener-
gies within the energy gap.
The results presented above were obtained for the case
5when the two dots were coupled to the superconducting
lead with equal strengths, α = 1, and the nondiagonal
coupling elements (responsible for indirect coupling be-
tween the dots via the superconducting lead) were max-
imal, qs = 1. The situation with qs = 1 can occur when
the distance between contacts of the superconducting
lead to the dots is smaller than the corresponding su-
perconducting coherence length. Thus, increase in the
distance between the contacts may be modeled by de-
creasing value of the parameter qs. Finally, the distance
between the contacts for qs = 0 is much longer than the
coherence length, and the CAT processes are fully sup-
pressed.
Figure 3 shows the transmission function at equilib-
rium and the corresponding density of states of the
two dots for indicated values of the parameter qs and
α = 1. The particle density of states was calculated as
DOS = −(1/π)Im{Gr11σ, and assume is real and positive.
Generally, the density of states exhibits four peaks at-
tributed to the four Andreev bound states, which emerge
in the DQD system coupled to the superconducting lead.
For ε0 = 0, the maxima in the density of states corre-
sponding to the Andreev bound states are at the ener-
gies, ε+ = ±ΓR[(1 + α)/2 +
√
(α − 1)2/4 + q2sα]/2 and
ε− = ±ΓR[(1+α)/2−
√
(α− 1)2/4 + q2sα]/2. For qs = 0
(and α = 1), only two peaks in the density of states ap-
pear, which are located at ε = ±ΓR/2. Such a situation
corresponds to a single quantum dot attached to a super-
conducting lead. When qs 6= 0, the four Andreev bound
states emerge due to hybridization of the two dots via
the superconducting lead. However, for sufficiently small
values of the parameter qs, only two maxima appear in
the DOS as one can notice in Fig.3(a,c). This is because
for a small value of qs, the distance between the energies
ε+ and ε− (for the positive or negative energy branches)
is small enough compared to the level broadening due to
coupling to the ferromagnetic leads. As a consequence,
the maxima corresponding to the Andreev states ε+ and
ε− are not resolved and only one peak can be observed
at each energy branch. Furthermore, when increasing the
parameter qs, these maxima become well resolved and the
four peaks emerge in the density of states. With a further
increase of the parameter qs, the two peaks correspond-
ing to the energies ±ε−, approach each other, and for qs
close to 1 they finally merge into a single peak. Similar
behavior can be noticed in the transmission displayed in
Fig. 3(b,d). However, the situation becomes more com-
plex when qs approaches 1. Height of the central peak in
the transmission diminishes then and the peak finally dis-
appears for qs = 1, although the peak at ε = 0 in DOS
survives even for qs = 1. To understand this behavior
one should note that the Andreev bound states located
at ±ε− become degenerate for qs = 1 and ±ε− = 0. The
states corresponding to ±ε− become then effectively de-
coupled from the superconducting lead and no transmis-
sion is associated with the central peak in the density of
states. Such a behavior of the transmission function has
a significant influence on the linear conductance, which
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FIG. 3: (color on-line) Equilibrium density of states [(a) and
(c)] and the corresponding transmission function [(b) and (d)]
calculated for indicated values of the parameter qs. The other
parameters are: p = 0, r = 2, α = β = 1, ε0 = 0, U = 0.
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FIG. 4: (color on-line) Linear conductance as a function of
the level energy ε0, calculated for indicated values of the pa-
rameter α. The other parameters are: p = 0, r = 2, β = 1,
U = 0.
is determined by transmission at the Fermi level, ε = 0.
The linear conductance as a function of the dot’s level
position, ε0, is shown in Fig. 4 for different asymmetries
in the coupling of the two dots to the superconductor.
This asymmetry is controlled by the parameter α (when
α = 1, the two dots are coupled to the superconducting
lead with equal strengths). The linear conductance in
Fig. 4 is shown for indicated values of the parameter α
and for qs = 1. For α = 0, only one of the two dots is
coupled to the superconductor and the conductance as a
function of ε0 reveals a single Lorenzian peak. When the
two dots are equally coupled to the superconducting lead,
α = 1, the conductance also has a Lorenzian-like shape,
but the peak is broader and of lower height. This is due
to suppression of the transmission shown in Fig. 3(b).
The situation becomes much more interesting for inter-
mediate values of the parameter α, α ∈ (0, 1). A dip
structure emerges then in the conductance at ε0 = 0,
and the local minimum approaches the maximum value
of the conductance for α = 1. As the parameter α de-
creases, the dip becomes gradually narrower and finally
disappears for α = 0. The dip appears due to a mismatch
in the densities of states of the two quantum dots.
2. Finite Coulomb repulsion, U > 0
In this section we investigate the influence of the intra-
dot Coulomb repulsion on the transport characteristics.
In Fig. 5(a) the transmission function at equilibrium is
displayed for indicated values of the Coulomb integral
U . As one might expect, the Coulomb interaction leads
to doubling of the peak structure. However, the inten-
sities of the satellite peaks are smaller due to the lack
of electron-hole symmetry for the parameters assumed
in Fig. 5a. This lack of particle-hole symmetry leads to
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FIG. 5: (color on-line) Equilibrium transmission function (a),
and differential conductance as a function of applied voltage
(b), determined for indicted values of the intradot Coulomb
parameters U and dots’ energy levels ε0. The other parame-
ters: p = 0, r = 1, qs = 1, α = β = 1.
asymmetry in the differential conductance with respect
to the bias reversal, as shown in Fig. 5(b). For posi-
tive voltages, eV > 0, pairs of electrons coming from
normal-metal leads are injected into the superconductor,
whereas for eV < 0 Cooper pairs are extracted from the
superconducting lead and the corresponding electrons are
then injected into the normal-metal leads. Interestingly,
though the differential conductance reveals the bias re-
versal asymmetry, the transmission function is still sym-
metric, see Fig. 5a. However, the lack of electron-hole
symmetry leads to asymmetric (with respect to ε = 0)
density of states of the quantum dots. This has some
consequences for the Andreev current as the particle-hole
symmetry optimizes creation of Cooper pairs, whose en-
ergy is equal to the energy of two electrons and must
be equal to the electrochemical potential of the super-
conductor, µR = 0. Accordingly, the Andreev current is
optimized when the electron-hole symmetry exists in the
density of states of the two dots.
An additional feature of the transport characteristics
is a negative differential conductance which occurs for
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FIG. 6: (color on-line) Local density of states (a), and trans-
mission as a function of energy (b), corresponding to U = 0.2
and ε0 = 0, and calculated for two opposite bias voltages,
eV = 0.4 and eV = −0.4. The other parameters: p = 0,
r = 1, qs = 1, α = β = 1.
higher values of the parameter U , see Fig. 5(b). This fea-
ture is a consequence of the above mentioned asymmetry
in the density of states due to the lack of electron-hole
symmetry, and the bias dependence of the transmission
function. For U = 0.2, this asymmetry is more pro-
nounced than for U = 0.1, and leads to negative values
of the differential conductance for a finite region of bias
voltages. Tuning the gate voltage one may switch the
negative differential conductance from positive bias volt-
age region to negative one, see the curve for U = 0.2 and
ε0 = −0.2 in Fig. 5(b).
To clarify origin of the asymmetry in the differential
conductance with respect to the bias reversal, and the
appearance of the negative differential conductance, we
show in Fig. 6 the transmission and corresponding den-
sity of states calculated for the indicated values of bias
voltages. In particular, we calculated these quantities for
the bias voltage at which the negative differential con-
ductance appears, eV = 0.4, and for the opposite volt-
age, eV = −0.4. For these values of the bias voltage eV
the side peaks in the density of states start to contribute
to the Andreev current. Thus, we concentrate only on
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FIG. 7: (color on-line) Bias dependence of the differential
conductance calculated for indicated values of the Coulomb
parameter U . The other parameters are: p = 0, r = 1, α =
β = 1, and ε0 = −U/2.
the energy scales relevant for those peaks. First, we no-
tice that for positive bias voltage, eV = 0.4, the heights
of the transmission peaks (both central and side ones)
are smaller than those for negative bias, eV = −0.4.
The reduction of transmission leads to a reduction of
current for positive bias voltage and eventually to the
negative differential conductance. One should also no-
tice that the transmission is symmetric with respect to
energy. However, there is no negative differential conduc-
tance for negative bias voltages. To get a better insight
into this phenomenon we show in Fig. 6 (a) the corre-
sponding density of states. The densities of states for
both dots are equal for the assumed parameters. For the
bias voltages considered here, only the side peaks are rel-
evant for the Andreev transport. One can notice that
the amplitudes of the satellite peaks, both for eV = 0.4
and eV = −0.4, situated in the positive energy branch
are much larger than the amplitudes of the corresponding
peaks on the negative energy side. However, the Andreev
reflection processes require transferring electrons through
both resonances - one large and one small. Thus, it is the
small resonance that determines the Andreev current. As
the amplitude of the small resonance for eV = −0.4 is
larger than the intensity of the corresponding peak for
eV = 0.4, this explains the suppression of current for
positive voltage.
The electron-hole symmetry exists if the condition
ε0 = −U/2 is satisfied. In Fig. 7 we show the differ-
ential conductance calculated for indicated values of the
Coulomb parameter U . Here, due to the above mentioned
electron-hole symmetry, the differential conductance is
symmetric with respect to the bias reversal. However,
regions with negative differential conductance still may
emerge. To demonstrate this we display in Fig. 8 the
differential conductance for different values of the asym-
metry parameter r. One can notice that for asymmetry
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FIG. 8: (color on-line) Bias dependence of the differential
conductance for indicated values of the asymmetry parameter
r. The other parameters are as in Fig. 7.
parameter r ≤ 0.25, the differential conductance consists
of two maxima only. Similarly as in the noninteracting
case, see Fig. 2, the broadening due to coupling with the
ferromagnetic leads is here larger than the separation of
the Andreev bound states. With increasing coupling to
the superconducting lead, r > 0.25, separation between
the pair of Andreev levels exceeds the levels’ broaden-
ing and additional peaks in the differential conductance
become resolved. Apart from this, a negative differen-
tial conductance appears. However, it appears for both
positive and negative bias voltages as the differential con-
ductance must be now symmetric with respect to the bias
reversal. Moreover, for r < 1 the negative differential
conductance appears in a broad bias range, whereas for
r > 1 it appears only in a limited region of bias voltages.
B. Ferromagnetic leads, p > 0
Consider now the case when the normal-metal leads
are ferromagnetic. Our main objective is to study how
ferromagnetism of the leads affects the Andreev tunnel-
ing. As before, we start from the noninteracting case,
U = 0.
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FIG. 9: (color on-line) Linear conductance as a function of
ferromagnetic leads polarization p calculated for indicated val-
ues of the asymmetry parameter r. The other parameters are:
ε0 = 0, U = 0, α = β = 1 and qs = 1.
1. Vanishing Coulomb repulsion, U = 0
Figure 9 displays the linear conductance as a func-
tion of the polarization factor p for the parallel magnetic
configuration and for different values of the asymmetry
parameter r. One could expect that the conductance
should drop with increasing p, as increasing polarization
leads to depletion of electrons with one spin orientation.
However, Fig. 9 clearly shows that this is true only for
r > 1/4, whereas for r < 1/4 there is a certain finite
value of the polarization, p = p0, for which the conduc-
tance reaches maximum, G = 4e2/h. This maximum
is achieved when the polarization p and the asymme-
try coupling parameter r satisfy the following condition,
16r2+ p2 = 1. This condition is an analog of a matching
condition at the interface between ferromagnet and su-
perconductor, kF↑kF↓ = k
2
s , which is expressed in terms
of the corresponding Fermi wave vectors in the ferromag-
net (kF↑ and kF↓) and in the superconductor (ks). For
r > 1/4, this condition is not satisfied and the conduc-
tance drops monotonously with increasing polarization
factor p, whereas for r > 1/4 there exist such a value of
p, p = p0, for which the condition is satisfied and the con-
ductance behaves in a nonmonotonous way reaching max-
imum for p = p0. For half-metallic ferromagnets (p = 1),
the conductance is totally suppressed for any value of the
asymmetry (despite of the trivial case, r = 0). This is
rather obvious as the Cooper pairs consist of two elec-
trons with opposite spins.
Change in magnetic configuration has a significant im-
pact on the Andreev transport, too. Figure 10 shows that
generally the transmission in the antiparallel magnetic
configuration exceeds that in the parallel one (except for
a narrow region of small values of ε). Thus, one should
expect a negative tunnel magnetoresistance for a rela-
tively wide bias range. However, for bias voltages close
to zero, the usual behavior can be observed. Moreover,
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FIG. 10: (color on-line) Transmission for parallel (P) and an-
tiparallel (AP) magnetic configurations, and for polarization
(a) p = 0.5, (b) p = 1. The other parameters: r = 1, qs = 1,
α = β = 1, ε0 = 0, U = 0.
the transmission in the parallel magnetic configuration
does not reach maximum value, since for r > 1/4 the
matching condition is not satisfied for any p. In the case
of half-metallic leads (p = 1), the transmission in paral-
lel magnetic configuration is totally suppressed, whereas
transport in the antiparallel configuration can occur for
finite bias voltages. In such a case, the transmission is
purely due to the crossed Andreev tunneling. Thus, such
a device can be used for experimental verification of the
presence and role of CAT processes.
2. Finite Coulomb repulsion, U > 0
To complete our study we investigate the influence
of Coulomb interaction on the spin-polarized Andreev
transport. Figure 11 shows the bias dependence of the
differential conductance, calculated for parallel and an-
tiparallel magnetic configurations and for indicated val-
ues of the leads’ polarization p. Similarly as in the nonin-
teracting case (U = 0), the conductance in parallel mag-
netic configuration decreases with increasing spin polar-
ization p. In turn, the height of the maxima in the dif-
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FIG. 11: (color on-line) Bias dependence of the differential
conductance calculated for indicated values of the spin polar-
ization p and for parallel (P) and antiparallel (AP) magnetic
configuration. The other parameters are: U = −0.2, r = 1,
α = β = 1, ε0 = −U/2.
ferential conductance for the AP configuration are not
sensitive to the change in polarization p. However, for a
sufficiently large polarization p, a region of negative dif-
ferential conductance appears, which becomes more and
more pronounced as the factor p tends to its maximal
value. This feature is evidently induced by the compe-
tition of leads’ magnetism and Coulomb interaction as
it is absent for U = 0. However, in the P configuration
the negative differential conductance is present only for
small values of p and it disappears when p is sufficiently
large. Moreover, another feature can be noticed for the
P alignment, i.e. splitting of the satellite resonances. In
the case of half metallic leads, see Fig. 11(c), the differen-
tial conductance vanishes for parallel alignment for any
bias voltage. For half-metallic leads, the direct Andreev
reflection is totally blocked and only CAT processes are
responsible for the Andreev current (for the bias voltage
assumed here).
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IV. SUMMARY
We have considered Andreev tunneling in a system of
two quantum dots coupled to external leads in a fork
geometry. More specifically, the dots were coupled to a
common superconducting lead and each dot was also cou-
pled to an individual ferromagnetic electrode. By using
the Green function method, we calculated the current
due to direct and crossed Andreev tunneling. The key
objective was the description and understanding of the
effects due to Coulomb interaction on the dots and leads’
ferromagnetism.
The presented results have shown that asymmetry of
the coupling between the dots and electrodes (normal and
superconducting) has a significant influence on transport
characteristics. In particular, it has been shown that cou-
pling to ferromagnetic leads gives rise to broadening of
the Andreev reflections, while magnitude of the coupling
to superconducting lead has an influence on their posi-
tion. Apart from this, Coulomb interactions on the dots
lead generally to asymmetry in the differential conduc-
tance.
A matching condition, taking into account coupling
asymmetry and polarization of ferromagnetic leads, has
also been discussed. From this condition follows that for
each value of the polarization factor p there is an asym-
metry parameter r, for which the conductance reaches
maximum. From the results follows that even for large
polarization p the conductance may reach 2e2/h. Apart
from this, it has been shown that magnetic configuration
also has a significant influence on the transport proper-
ties of the DQD systems.
Appendix A: Isolated double dot Green’s function
Dots’ Green function is defined as grσ(t, t
′) =
−iθ(t − t′)〈{ψ(t), ψ†(t′)}〉, with the vector ψ ≡ Ψ =
(d1σ, d
†
1σ¯, d2σ, d
†
2σ¯). The casual Green’s function matrix
is block-diagonal and has the following form:
gσ(z) =


gσσ1e g
σσ¯
1e 0 0
gσ¯σ1h g
σ¯σ¯
1h 0 0
0 0 gσσ2e g
σσ¯
2e
0 0 gσ¯σ2h g
σ¯σ¯
2h

 , (A1)
with the matrix elements gσij :
gσσie/h =
z ∓ εiσ ∓ Ui(1− niσ¯)
(z ∓ εiσ)(z ∓ εiσ ∓ Ui) (A2)
and
gσσ¯ie/h =
UiNie/h
(z ∓ εiσ)(z ∓ εiσ ∓ Ui) , (A3)
where the upper sign refers to electron functions,
〈〈diσ |d†jσ′ 〉〉 and 〈〈diσ |djσ′ 〉〉, whereas the lower sign cor-
responds to hole functions, 〈〈d†iσ |djσ′ 〉〉 and 〈〈d†iσ |d†jσ′ 〉〉.
For the electron functions Nie = 〈diσ¯diσ〉, whereas for
the hole functions, Nih = 〈d†iσ¯d†iσ〉 To obtain retarded
Green function one sets z = ε + i0+. In numerical cal-
culations we dropped off-diagonal terms of gσ(ǫ) putting
Nie = Nih ≈ 0. Although, these correlations (straight-
forwardly connected with proximity effect) are nonzero
for small values of Coulomb repulsion, they rather weakly
influence the transport characteristics in the considered
regime.
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